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These are some useful definitions for curvilinear co-ordinate systems.

Coordinate Systems Elements

Cylindrical Coordinates (r, θ , z)

x = r cos θ , y = r sin θ , z = z

Volume Element

dV = r dr dθ dz

Surface Element

dS = r dθ dz r̂

Spherical Coordinates (r, θ , ϕ)

x = r sin θ cosϕ, y = r sin θ sinϕ, z = r cos θ

Volume Element

dV = r2 sin θ dr dθ dϕ
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Surface Element

dS = r2 sin θ dθ dϕ r̂

Differential Operators

Gradient

Cylindrical Coordinates

∇f =
∂ f
∂ r r̂ +

1

r

∂ f
∂ θ θ̂ +

∂ f
∂ z ẑ

Spherical Coordinates

∇f =
∂ f
∂ r r̂ +

1

r

∂ f
∂ θ θ̂ +

1

r sin θ

∂ f
∂ ϕ ϕ̂

Divergence

Cylindrical Coordinates

∇ · A⃗ =
1

r

∂

∂ r (r Ar) +
1

r

∂ Aθ

∂ θ +
∂ Az

∂ z

Spherical Coordinates

∇ · A⃗ =
1

r2
∂

∂ r (r
2Ar) +

1

r sin θ

∂

∂ θ (sin θ Aθ) +
1

r sin θ

∂ Aϕ

∂ ϕ
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Curl

Cylindrical Coordinates

∇ × A⃗ =

⃓⃓⃓⃓
⃓⃓ r̂ θ̂ ẑ
∂
∂ r

1
r

∂
∂ θ

∂
∂ z

Ar r Aθ Az

⃓⃓⃓⃓
⃓⃓

Spherical Coordinates

∇ × A⃗ =
1

r sin θ

⃓⃓⃓⃓
⃓⃓ r̂ rθ̂ r sin θ ϕ̂
∂
∂ r

∂
∂ θ

∂
∂ ϕ

Ar r Aθ r sin θ Aϕ

⃓⃓⃓⃓
⃓⃓
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